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Invertibility in higher-categorical string diagrams
with framed zigzags

Anonymous Author(s)

Abstract

Zigzag categories have been employed to give a combinatorial model
of directed higher categories amenable to computer implementation,
presented as n-dimensional string diagrams. However, the theory
lacks a representation of inverse, which would additionally require
the existence of cancellation moves along with an infinite collection
of higher-dimensional coherence data.

We generalise the theory to support invertibility by equipping
generators with framing data, allowing for a natural representation
of inverse. Using this framed zigzags approach, we show that the
required cancellation moves and coherence data arise uniformly via
a colimit mechanism. We use tools from enriched category theory to
justify correctness of our constructions, and exhibit a proof assistant
which implements our theory.

CCS Concepts

+ Theory of computation — Categorical semantics; Rewrite
systems; Automated reasoning; « Mathematics of computing —
Algebraic topology.
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1 Introduction

n-dimensional string diagrams and invertibility. Reasoning in mon-
oidal categories can be performed in a two-dimensional graphical
calculus of string diagrams, which is two-dimensional because mon-
oidal structure allows for the composition of morphisms in two
ways: ordinary composition, and tensor product. Every monoidal
category can be seen as a one-object bicategory, and string diagrams
in general bicategories are obtained by allowing the regions to carry
information as colours. Thus, bicategories are the general categorical
structure for bimodal composition, and string diagrams represent
this composition spacially. n-dimensional string diagrams, which
compose by juxtaposition n-dimensions, extend this correspond-
ence to weak n-categories!, specialising to the usual notion of string
diagram for n=2 and surface diagrams for n=3.

Zigzag categories combinatorially encode n-dimensional string
diagrams as objects of an n-fold zigzag category Zig" (C), which is

1Specifically, in the model of associative n-categories [7].
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a functorial construction over a base category C representing an
algebraic signature that finitely presents the higher category. Just
as a morphism in a category may be invertible in their sole dimen-
sion of composition, n-cells in higher categories may be invertible in
any combination of their n dimensions. For instance, a 2-cell scalar
(Section 4.2) may be vertically invertible, horizontally invertible, or
both, or neither. The spacial nature of composition in n-dimensions
also suggests what the representation of these inverses should be:
the same string diagram, but mirrored in the axes of composition for
which it is invertible. In the existing zigzag framework, there is no
way to represent such invertible generators at all.

Coherent equivalences. In a category, a morphism f: x -y is in-
vertible if it admits an inverse f~1: y— x, such that the composition
in either order is the identity morphism:

flof=id,, fof'=id,.
In this case, we say that f and f~! are an inverse pair, witnessing
the isomorphism x = y. In a higher category, this structure naturally
generalises to that of an equivalence, where the equalities above

are replaced by directed 2-cells that perform pair cancellations or
introductions:
flof=id,, fof '=id,,
flof<id,, fOf_1<=idy.
We may require these 2-cells to themselves form equivalences as
inverse pairs. This yields a coinductive definition of equivalence,
which naively generates this structure in all dimensions [21].

The resulting notion of equivalence has poor algebraic properties.
To see why, consider the following 2-cell, obtained as a composite
of the 2-cells described above:

f=foide= (fof of=fo(flof)y=idyof=f. (1)
Here we underline the redex applying in each case, and assume for
simplicity our theory is definitionally unital and associative. This 2-
cellis called the snake composite,and has type f = f. We might expect
it to be equivalent to idy: this must certainly be the case if we desire
the free co-category generated by an equivalence f: x — y to itself
be equivalent to the free co-category generated by a single object,
where parallel morphisms are always equivalent. However, under
the coinductive definition of equivalence presented before, this will
not be the case; we say that this notion of equivalence is incoherent.

For a coherent theory of equivalences, the snake composite must
therefore be equivalent to the identity (via a coherent equivalence).
But this is not the end of the story: there is an infinite sequence
of such phenomena, known as catastrophes [4] from their study
in manifold theory, with one qualitatively new example arising in
each dimension®. Any computer algebra system for higher categor-
ies must have a solution to this problem in order to implement a
satisfactory theory of equivalences.

2The first few have enigmatic names: the snake, swallowtail, butterfly and wigwam.
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String diagrams. This paper presents a solution to this represent-
ation problem, which seems to generate all coherent equivalences,
for the theory of string diagrams. We work with the formalism of
zigzag categories [20], which has been developed into a proof as-
sistant homotopy.io [20, 11, 25]. This proof assistant encodes string
diagrams combinatorially using a simple inductive 1-categorical
structure called a zigzag. It allows the construction of composite
higher morphisms in a finitely generated higher category, using a
geometrical string diagram interface. Given the difficulty of encod-
ing coherent equivalences as discussed above, until this work, all
the generators of the theory were directed (not invertible).

The main technique for introducing nontrivial structure in the
proof assistant is contraction, which uses a colimit operation to sim-
plify some part of a diagram [20]. The simplest nontrivial example
looks like Figure 1, where we collapse a diagram in which two 2-cells
are composed at different heights. This contraction procedure can
be applied both in the top dimension as demonstrated here, and
also recursively within subdiagrams, to allow the construction of
complex proofs.

In this article, we show how the technology of zigzags and contrac-
tion can be modified to allow the definition of invertible generators
and manipulation of coherent inverses. As a result, the proof assist-
ant homotopy.io gains the ability to work with these, and hence
becomes a system for manipulating finitely presented higher group-
oids. This new capability will be enabled by introduction of framing
information at the level of zigzags.

To understand this, we consider a 1-cell e: x — x. In the zigzag
formalism, this is encoded combinatorially as the following cospan:
X—>e—x.

Suppose we would like e to be invertible. Then how can we encode
e~1? One approach may be to introduce ‘e~!* as a formal token, and
allow the following zigzag to represent the inverse 1-cell:
x—e lex.

However, this is unsatisfactory: we know that an infinite sequence of
higher morphisms will be required to ensure the inverse is coherent
— including the snake and its associated higher catastrophes — but
their structure is chaotic, and we do not know of a good way to
introduce a corresponding syntax of higher tokens.

Our solution is to introduce for each arrow x — e a frame, as a
decoration on the arrow. This allows us to distinguish e and e ™! as
follows:

12 2 1
x> eex x> ee—x
The labels 1 and 2 are formal tokens to distinguish the framings; the
choice of label does not have any special meaning. We call this exten-
ded structure a framed zigzag. This has the attractive property that
the framed zigzag representations of e and e~! are mirror-images.

Using this idea, we consider applying the contraction principle
to the composite eoe™!. Contraction is computed by colimit, which
is easily computed over our base category with objects {x,e} and

1 2
morphisms x— e and x— e. We obtain the following result:

:jf

VA
S
7l

Anon.

We observe that the contraction procedure performs the cancellation
of e with ™! as intended. Above, we append two triangles which
close off the geometry, yielding an upper boundary labelled by x.
Overall this is the correct geometrical representation of the cancel-
lation move eoe™! =id,, depicted in string diagrams on the right.

Posetal enrichment. We extend the same principle to generators of
higher dimension. For example, a 2-cell f: e= e would be represen-
ted as follows, where we give both the framed zigzag representation
in addition to the geometrical rendering produced by the proof as-
sistant:

. f
—E 0N

— B8
N AN S
VAN

Here we see a further new aspect of our construction: where a tri-
angle appears in the neighbourhood of a generator, we give it a 2-cell
filler. This 2-cell structure will be posetal, and so we can handle
it with the technology of Pos-enriched categories. For any 2-cell
generator, its neighbourhood structure is therefore encoded by a
particular choice of finite Pos-enriched category.

As the dimension goes up, this Pos-enriched categorical frame-
work remains constant. Therefore, even for an n-dimensional gen-
erator X where n> 2, its neighbourhood is completely defined by a
choice of Pos-category, and the same will be true for all composite
geometries. In this way we are able to encode higher categorical
diagrams of arbitrary dimension, with a formal foundation that stays
at the level of Pos-categories. Precedent for this comes from the
work of Nanda [18], who uses Pos-categories as a categorical setting
for developing discrete Morse theory. As a consequence of this Pos-
enrichment, contraction must now be handled with marked colimits.

Implementation. These ideas have been implemented, and are
available in a pre-release version of the proof assistant homotopy.io,
available at https://beta.homotopy.io.

The invertibility developed in this paper allows for spaces to
be presented algebraically as string diagrams, which can then be
manipulated in homotopy.io to deduce theorems about topology.
Moreover, the topological nature of string diagrams closely aligns
with the geometrical intuition of homotopy theory. To demonstrate
the application of invertible generators, we illustrate in Appendix D a
proof of the following result, along with a link to a video representing
the proof as a smooth animation of 3-dimensional structures [13].

THEOREM 1.1 (ONLINE: [16]). In the free co-groupoid S generated
by an object x and a 2-cell f :1d, = id, the following Figure-8’ string
diagrams represent homotopic 3-cells in S (idiq, ,idiq, ):
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(a) String diagram representation
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x> fex->fen
Lo+~ Ll
x> fexsesv r>fex>feu
T 7T T T o 1
r>fe x> ferx~axoresxr e
N R S
rr>e<cx>feu r>feax->fero
Tt e
x> feaxrfeo

(b) Zigzag representation

Figure 1: Contraction example

By the homotopy hypothesis, S generates the homotopy type of
the 2-sphere S?, with homotopy classes of 3-cells in each Hom space
in bijection with the elements of the homotopy group 73 (S?).

The Figure-8 diagrams are themselves composites of the invertible
structure, along with a braiding move. A priori, it appears there are
four such Figure-8 diagrams, coming in two inverse pairs, and there-
fore we might expect two distinct homotopy generators in this class,
yielding 73 (S?) = Z?. However, due to the non-obvious equivalence
established in the theorem, in fact these generators are homotopy
equivalent, and hence 73 (5%) = Z.

It is in this sense that our tool, homotopy.io, is described as a proof
assistant, facilitating the formalisation and study of these theories.

1.1 Related work

This work is part of a larger programme to develop a proof as-
sistant for higher category theory in the model of associative n-
categories [7], homotopy.io [5]. In particular, it builds on the zigzag
construction and contraction operation described by Reutter and
Vicary [20]. We focus on a high-level categorical analysis of specific-
ally framed zigzags and framed contraction, as opposed to an explicit
algorithmic description of the broader system, which is described
by Hu [15]. Other important constructions for zigzag categories are
given by Heidemann, Reutter and Vicary [11], Sarti and Vicary [22]
and Tataru and Vicary [25, 26].

The predecessor tool Globular [1] directly encoded the axioms of a
quasistrict globular 4-category, and as such is fundamentally limited
to dimension 4. It included an incoherent notion of inverse, with
the coinductive structure of cancellations, but without the snake
equation and higher coherence moves.

Existing type-theoretic models of higher groupoids [2, 3], includ-
ing homotopy type theory [27], handle invertible structures in a
coherent way. The type theory CaTT [8] can handle both directed
and coherent undirected inverses, although that point is not made
very clearly in the literature. The novelty of our approach is to use
new techniques that extend support of invertible generators to a
geometrical string-diagram setting.

1.2 Outline

The outline of our contribution is as follows. Section 2 introduces the
background material on the existing theory of zigzag categories [20],
and presents a new categorical analysis which characterises the
universal property of zigzags and abstractly examines contraction.
Section 3 introduces the notion of framed zigzags, which are a gen-
eralisation of the zigzags to an appropriately enriched setting. We

define framed contraction in Section 3.2, and argue for its correctness
by showing that it computes some marked colimit. Section 4 shows
that within framed zigzags we can represent invertible generators,
and empirically witnesses that the resulting structure is coherent.

1.3 Notation and prerequisites

Familiarity with basic (monoidal) category theory and string dia-
grams is assumed throughout. Some prior knowledge of enriched cat-
egory theory and 2-category theory is also helpful, but the technical
details can be glossed over without detracting from the main ideas.
All (enriched) categories will be strict and small, which means that
their objects form a set and can be compared for equality. We typically
use font faces like C for categories, and C for enriched categories.

2 Zigzag categories

We recall the zigzag construction of Reutter and Vicary [20] and sub-
sequent developments [11,26], which is the basis for encoding higher-
dimensional string diagrams in the proof assistant homotopy.io.

Definition 2.1 (Augmented simplex category). A, is the category
given by (possibly empty) finite linear orders [n] :={i e N|i<n},
where n € {-1}UN, and monotone maps.

Definition 2.2 (Finite interval category). A= is the category given
by nonempty finite linear orders [n], where n € N, and top-and-
bottom-preserving monotone maps.

LEMMA 2.1 (WRAITH’S DUALITY [28]). There is an equivalence of
categories R: Ay = A-°P given by [n] — [n+1].

PRroOF SKETCH. We canrepresent the objects [n] of A, pictorially

as iterated cospans of the form:

ro—=So < r —= < TIn+1,
where there are (n+ 1)-many instances of s;, for 0 <i <n+1, and
(n+2)-many instances of r;, for 0 < j < n+ 1. In this pictorial rep-
resentation, morphisms of A, are monotone maps between the tips
s; of the cospans; monotonicity means that the induced diagram is
planar (i.e. no crossing edges).

Any such monotone map determines (and is determined by) a dual
(counterposing in the opposite direction) monotone map between
the feet r; of the cospans, and such a map always preserves top and
bottom. O

This pictorial representation of iterated cospans is so important
that it deserves its own name: a zigzag; its feet are called regular
levels and its tips are called singular levels; the number of cospans
forming a zigzag is called its length, which is equal to its number
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of singular levels. We describe the legs of a zigzag as forward and
backward components f; and b;, both of which have codomain given
by the singular level s;, and domains given by regular levels r; and
ri+1 respectively. All in all, a zigzag is an iterated cospan whose

o fii b
individual cospans take the form r; s = rig.

Definition 2.3 (Zigzag category). Given a small category C, its
category of zigzags Zig (C) has
objects zigzags Z|,) oflength n+1 whose regular and singular levels
are annotated with C-objects, and forward and backward com-
ponents are annotated with compatible C-morphisms, written
as an iteration of cospans in C of the form:

Zn1 () Z[n) (b))

Zin)(r)) Zin1(s5) Zin1(rjs1),
where 0< j <n+1;0-length zigzags are given by empty iterations,
taking the form Z|_;(r0);

morphisms zigzag mapshq: Zjym) —Z I/ al which have two constitu-
ents:

shape (underlying) monotone maps a: [m] — [n] between sin-
gular levels...

type ...whose components are annotated with C-morphisms
(singular-singular morphismshe, (s;) : Zim)(sj) —>an] (Sa(j))):
along witha C°P-annotation for its dual monotone map Ree: R[m] =
[m+ 1] « [n+ 1] = R[n] between regular levels (regular-
regular morphisms he (ri7) : Zm) (frra(ir)) = Z’n] (r#))?, such
that the resulting planar diagram in C typechecks and com-
mutes; composites of regular-regular and singular-singular
morphisms are called regular-singular morphisms which are
indexed by a pair (r;,s;/);

composition composition of underlying monotone maps along with
composition in C.
Write Zig" (C) for the n-fold iteration of taking categories of zig-
zags.

Informally, Zig" (C) models the ‘space’ of combinatorial n-dimensional
string diagrams with respect to an algebraic signature encoded by
C*. Practically, we think of C as a poset of generators presenting an
algebraic signature whose ordering is given by boundary inclusion.

An important special case is when C =1 is the terminal category,
yielding unannotated zigzags.

LEMMA 2.2. We have an isomorphism of categories Zig (1) = A..
ProoF. Precisely the pictorial interpretation of A, as before. 0O
LEmMA 2.3 ([20, LEMMA 19]). Zig: Cat— Cat is a functor.

The action of this functor on morphisms (functors) is reannota-
tion of zigzags along the input functor which respects length and
underlying monotone maps (shape).

We have described Definition 2.3 briskly because we can recover
its precise description by deriving its universal property, determin-
ing the functor Zig as a parametric right adjoint®, which we will now
proceed to do. A more explicit description of the zigzag category

3Singular-singular morphisms are indexed by the singular levels of the domain, but
regular-regular morphisms are indexed by the regular levels of the codomain.

4 Although, it also contains objects which do not encode any well-formed string diagram.
SWhenever C admits a terminal object 1, any functor F: C — D canonically factors

F; it
as a composite C =4 C/F1 L D.Wecall F a parametric right adjoint if Fy is a right
adjoint. Parametric right adjoints preserve connected limits.

Anon.

with helpful diagrams is given by Heidemann, Reutter and Vicary 407

[11, § 2] and Tataru and Vicary [26, § 3]. 408

409

Definition 2.4 (Cat/A, ). The category of small categories over A,
Cat/A,, is given on objects by functors p: C — A,° and on morph-
isms by functors F: C — D making the induced triangle commute.

410
411
412
Such a functor p can be interpreted as a small category C where 413
each object c € C has an associated simplex [n], and each morphism
has an associated monotone map between simplices. Alternatively,
we can think of p as a A, -indexed category, where the objects and
morphisms of C are indexed by simplices and monotone maps: for
any [n] there is a ‘fibre’ consisting of a subset of objects of C living
above it, and similarly for monotone maps. Morphisms are then pre-
cisely functors C — D which are compatible with the A, -indexing
on either side, which we call A -indexed functors.

Zig(C)isaA-indexed category in a canonical way, along a shape-
projection functor which discards the type information.

414
415
416
417
418
419
420
421
422
423

Definition 2.5 (Singular projection). Givenazigzag category Zig(C), .

its singular projection nc : Zig(C) — Ay is given by sending each
zigzag Z|,) > [n] and each zigzag map h, — a.

425
426
427
We will also write Zig for the induced functor Cat — Cat/A,,
which maps C+— n¢: Zig(C) — A4, disambiguated by context.

428
429

; . 3
COROLLARY 2.1. Every category C admits a unique functor to the 0

terminal category!: C — 1. The singular projection w¢c factors as the
composite my 0 Zig (!).

431
432
433

Naturally, one may ask if there is also some sort of type-projection
functor which discards the shape information of a zigzag category.
In fact, this can be defined for any A, -indexed category.

434
435
436

Definition 2.6 (Explosion). Given a A.-indexed category p: C — w7

A, we define a new category Expl(p) given by
objects for ceC such that p(c) =[n],
regular  c[n) (1),
singular c[,)(s;), 0<j<n+1;
morphisms forh: c—c¢’€C(c,c’) suchthat p(h)=a: [m] — [n],
regular-regular ha(rir): cim)(rRa(ir)) = C[nj (rir), 0<i’<R[n]=n+1,

438
439
0<i<n+l, o
441
442
443
444

singular-singular g (s;): C[m] (s}mJ)—w’[”](sL’E)), 0<j<m+1, 445
446
0<j’<n+1,
regular-singular hq (73,5;7): C[m] (ri[m]) _)C,[n] (sj[,,n]), /

447
Ra(j’)<i< Ra(j/t}x)'
composition given by composition in C and A,, subject to the re-
quirement that all four triangles in
iy (ragi)Sad)) des (ragi)+1:5a())
S a)) T (e 41)
T ~ 452
ha(Tj58a(5)) Tha(sj') ha(rjt1,8a(s)) Tha(ra(j)-%—l) 453
/ \

Cm)(Tj+1)

449
450

451

CE"] (’a(]) )

ha(Ta(s) )T

) (1) Ti+1,55)
commute independently whenever they exist. Any composable
string of morphisms matches the regular expression’ 457

(RR)"[(SS)"|(RR)"(RS)(SS)", 158
and these relations ensure that the regular-regular/singular-
singular/regular-singular (according to the alternation in the

)

N )
ide(rj,85) Elm] (SJ) id( 455

456

459
460
— 461
®For ease of typesetting, sometimes we write C where we formally mean p, e.g. when

describing a Hom object of Cat/A .
7Because morphisms monotonically proceed from regular to singular. 463
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match of the regular expression) morphism with the appropriate
subindices in the result of composition is uniquely determined.
Each object ¢ € C, where p(c) = [n], has been ‘exploded’ into a
family of 2(n+ 1) + 1 objects, and similarly for morphisms. When
C=Zig(D), with p its corresponding singular projection, then the
objects and morphisms are precisely those in 9 annotated by their
position within some zigzag/zigzag map — this connection will be
explicated in Lemma 2.4.
Expl extends to a functor Cat/A — Cat, where A, -indexed func-
tors C — D are sent to ‘reannotation’ functors Expl(C) — Expl(D).

LEMMA 2.4 (UNIVERSAL PROPERTY OF ZIGZAG CATEGORIES). We
have an adjunction as follows:
Expl
Cat = L+ Cat/A,.
. /Ay

We obtain the endofunctor Zig on Cat as the parametric right
adjoint given by composition with the domain projection:

Expl
Zig: Cat ? Cat /A, 292 Cat.
ig

Our notation has been chosen in order to make this proof simple,
but in essence it formalises the idea that the data in a zigzag category
Zig(C) is nothing more than packaging the data of C in a zigzag
shape determined by the structure of A,. For instance, a choice of
Z[n) € Zig(C), with length n+1, is equivalent to a global element
Z: 1— Zig(C);thisbijection says that this data (i.e. J=1) is precisely
an (n+1)-length iterated cospan in C, because in this case Expl (¢ o
Z) is the category which embodies the shape of an (n+1)-length iter-
ated cospan. Zigzag maps can be recovered from this adjunction by
setting J=-— - to be the walking arrow category (a.k.a. the simplex
[1] seen as a category), and similarly so can composition (J =[2]) and
associativity of composition (J =[3]), and so on. We use these cor-
respondences implicitly to consider the explosion of a zigzag (map).

Note that the bijection of Lemma 2.4 can be iterated, as we often
do when considering n-fold zigzag categories Zig" (C):

F:J—Zig"(C)

[5F: Expl* (ncoF: J— AL) — Zig" ™ (C)
We call this the k-fold exploded diagram of F, or the full explosion
when n=k.

Finally, a n-fold zigzag Z| ) € Zig"(C) is globular (with respect
to C) if every regular-regular morphism in its k-fold explosion, for
each k <n, is an identity (which is vacuously true when n < 2). The
original definition of zigzags [20] required this globularity to hold
by imposing this constraint directly in the definition of zigzag map,
but it is inessential in our development of the theory, although any
n-dimensional string diagram (encoded as an n-fold zigzag) that we
consider is necessarily globular.

, 0<k<n.

2.1 Contraction

Given some globular zigzag Z|,, € Zig(C), where n>0, we wish to
determine whether there is some universal 1-length globular zigzag
and corresponding zigzag map c: Z[,] — Z E o Operationally, this
corresponds to canonically shrinking a string diagram to a smaller
one along a ‘homotopy’ — hence ‘contraction’. The corresponding
exploded diagram is as in Figure 2. All these data are derived by

Conference’17, July 2017, Washington, DC, USA

Z[’u}‘fﬁ,‘ , Zio1(bo) ,
> 7 (8()) < Z (l‘l)

Z[n] (TO)Zm)Z[n](SO) Z 1 (b0) s Z['n](fn3 Z[n] (sn)Zml )Z[n] (7'71,-%—1)

Z,/“, (ro)

Figure 2: Contraction as universal zigzag shortening via
colimits.

asking for Z[’O] (s0) to be the colimit of the exploded zigzag Z[,) in C,
with the extra pieces arising from globularity (as we have alluded to
with our shading). If this colimit does not exist, then the contraction
operation is undefined.

In essence, colimits in Zig (C) should be constructed from colim-
its in C by the following two-step procedure: given some diagram
F:J—Zig(C),

(1) first, compute the underlying shape of the desired colimit by
computing the colimit of J 5 Zig(C) z, As;

(2) use colimits derived from /F: Expl(7¢oF) — C to fill in this
shape with appropriate data (type) from C to make this a uni-
versal cocone in Zig (C).

At each step, the procedure may fail, indicating the non-existence
of the colimit in question. Through iterated explosion, this gives a
procedure to recursively determine colimits in Zig” (C) in terms of
colimits in C.

Reutter and Vicary [20] present a series of technical lemmata
which describe this procedure for globular zigzags, manipulating zig-
zags directly, and show that it is sound and complete (a colimit exists
and is found by the procedure exactly when it succeeds, and other-
wise the procedure fails). Instead, we will use some 2-category theory
to slickly reconstruct their results. We note that our reconstruction
does not require globularity, and the shaded parts of Figure 2 arise
from the left Kan extension we build.

First, we establish some 2-categorical preliminaries.

Definition 2.7. There is a strict 2-category Cat of small categories,
functors, and natural transformations. Explicitly, its Hom categories
are functor categories [C,D] of functors and natural transforma-
tions.

LEMMA 2.5. Strict 2-functors preserve adjunctions.

Definition 2.8 (Slice Hom category). Given two functorsp: A—C
and q: 8 — C, we define the (strict) slice Hom category [p.q] ¢ to
have objects functors I: A — B satisfying goI =p and morphisms
given by natural transformations.

This is a special case of the strict slice 2-category, over the strict
2-category Cat. Because of this strictness, a morphism is any nat-
ural transformation of appropriate type (without further conditions).
Moreover, this determines a strict 2-category Cat/C for any small cat-
egory C, along with a forgetful strict 2-functor dom: Cat/C — Cat
sending p: A—-C+— A.

LEmMMA 2.6. dom: Cat/C — Cat is locally fully faithful, i.e, every
induced functor between Hom categories [p,q] ;c — [dom(p),dom(q)]

is fully faithful.
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LEMMA 2.7. Locally fully faithful strict 2-functors reflect adjunc-
tions: if F: C — D is such, and for some morphisms f and g in C
Ff4FginD, then f4ginC.

COROLLARY 2.2. An adjunction in Cat/C between p: A— C and
q: B — C is precisely a pair of functors F: A 2 B : G satisfying
goF =p and poG =q (they are morphisms in [p.q] ¢ and [q.p] ¢
respectively), and F 4G in Cat (they are adjoint functors).

PROPOSITION 2.1. Zig extends to a strict 2-functor.
2.1.1 Contraction recursive case — shape.

PROPOSITION 2.2. A categoryC admits a terminal object if and only
if the terminal functor!: C — 1 admits a right adjoint.

CoROLLARY 2.3. IfC admits a terminal object, then the singular
projection g : Zig(C) — Ay preserves colimits.

In other words, if C admits a terminal object?, then the existence
of a colimit of F: J— Zig(C) can be refuted by first projecting into
A along the singular projection: the colimit of F can only exist if the
composite admits a colimit in A,. Such colimits are determined by
computation in Pos (a cocomplete category) along the embedding
A, — Pos and then checking that the result is some n-simplex rather
than an arbitrary poset [24].

We also want this to be uniform, for considering iterated zigzag
categories.

LEmMMA 2.8. IfC admits a terminal object, then so does Zig(C).

Inductively, this will hold for all Zig" (C).
This justifies step 1 of the recursive contraction procedure outlined
in Section 2.1.

2.1.2  Contraction recursive case — type. Now we proceed to justify
step 2. Firstly, we recast colimits as certain kinds of left Kan extension.
Fix a small category J.

Definition 2.9 (Under cocone category). The under cocone category
J® isgivenby freely adjoining a terminal object 1 to J, and is equipped
with an inclusion i: J<J>.

PROPOSITION 2.3. Forany functor F: J— C, the data of a colimit
of F (i.e. a universal cocone 1: F = constclimr under F) is equivalent
to the left Kan extension Lan;F°:

F
3 ety tanpn={T I
S Lan; F colimF, j=1,

andLan;F(f)=Ff for morphisms ofJ, Lan;F(!: j— 1) =1; for each
unique morphism inJ*.

Now we justify abstractly that lifting colimits through explosion
is well-defined and meaningful.

THEOREM 2.10. Let F: Cat — Cat be a parametric right adjoint
endofunctor, which factors as:

L
F: Cat ; Cat /F1 -2, Cat,

8By design, C is chosen to be a poset in practice for which this condition is easy to check.
9Because i is an inclusion, the unit 2-morphism associated to the left Kan extension
can be chosen to be the identity, and this triangle commutes strictly.

Anon.

with the natural bijection of the adjunction denoted:

0
YCeCatp: E—-FleCat/F1.  [L(p).C] =[p.R(C)]/p;-

For a F1-indexed categoriesp: & — F1 andq: & — F1, and F1-

indexed functorsG: p— R(C) andi: p < q, wherei is an inclusion'°,

we have a bijection of commuting diagrams in Cat:

(el
dom(R(C)) ) 2%
ANdom (i Lanz i )

£ L(p
dom(z’)\[ / —> L(z)\[ /
L y dom(G)
&g L(q),

i.e. Langom(;ydom(G) = dom(8(Lany ;071 (G))).

dom(G)

COROLLARY 2.4 (CoLIMITS IN Zig(C) FROM COLIMITS IN C). Left
Kan extensions along inclusions i (which subsume colimits) in the A -
indexed category Zig(C) are computed as left Kan extensions along
Expl(i) in C: for F: J — Zig(C) andi: nc oF < mc oLangem(i) F
(dom(i): J—J'),

Langom(;) F: J' — Zig(C)

Langyp(;) (fF) : Expl(7r¢ oLangom(iyF) — C

In the case of colimits in Zig (C), this is tantamount to a collection of
colimits in C.

Again, this will work inductively for all Zig" (C).

This justifies step 2 of the contraction procedure outlined in Sec-
tion 2.1, and completes our description of the relationship between
colimits and exploded zigzags. Together, these determine the recurs-
ive case of the contraction procedure, recursive on the dimension
n for a diagram in Zig" (C).

2.1.3  Contraction base case — accidental colimits and corestriction.
Eventually, these colimits in Zig"(C) boil down to a collection of
colimits in C (a poset of generators and boundary inclusions encod-
ing an algebraic signature), which is the base case of the procedure.

Contraction is supposed to be a universal zigzag shrinking opera-
tion, so it should not ‘create new algebraic information’. For example,
let C be the poset x — f <y — g <z, which encodes the signature
consisting of two composable 1-cell generators f: x > yandg: y—
z.In Zig(C), we can form the 1-dimensional string diagram which
represents the composite as the zigzag of length 2 above. Contracting
this zigzag would be by computation of a colimit in the poset C. There
is no such colimit (a join of f and g), and indeed we would not expect
a 1-length zigzag (a contraction) which universally represents go f.

However, if C contains an additional @ > f,g, modelling a 2-cell
generator a : f = g, then it may happen that this colimit exists
accidentally'!. Of course, it is still nonsense for x — f «y— gz
to contract, so in order to explain this phenomenon we need to refine
exactly where the colimit computed by the base case of contraction
takes place.

Supposing that F: J— C is this diagram in C, with the observation
that the ‘no new algebraic information’ requirement is tantamount
to building a colimit solely from the existing pieces of this diagram,

19j e. dom(i): &= &’ is a subcategory inclusion.

UWorse still, this colimit stops existing if there is another 2-cell generator 8: f = g;
contraction of these diagrams should not depend on the existence of these higher cells
which are not mentioned by the diagram!
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it transpires that we actually want a colimit of the corestriction of F
to its image: F factors as
J L)(/f C
Flim(F)\‘.
im(F).

Such a colimit of F|™ () will satisfy the property that it only uses
data in its image.

This corestriction is compatible with the zigzag construction be-
cause we can corestrict through C via explosion as follows:

F: D(C(J)) — Zig(C)
JF: Expl(zgoF) —C
fF|im(fF) : Expl(zr;,0F) —im( [ F)

Expl4Zig

corestrict

Expl4Zig

FI™T): D(C(J) — Zig (im( [ F))

It can also be iterated for Zig" (C).

Operationally, this has a simple meaning: the algebraic signature
C at the base of the zigzag Zig" (C) in which we are performing con-
traction is not one of its inputs; rather, contraction derives (uniquely)
the minimal fragment of the signature within which its input can be
expressed, and the result is only a colimit with respect to that setting.

Without loss of generality, we therefore assume that, for contrac-
tion (and later, framed contraction), every diagram F: J— Zig" (C)
has a corresponding full explosion in C which is surjective.

The remainder of this paper is about deriving an analogous con-
traction operation for framed zigzags, which we will define in Sec-
tion 3.

3 Enriched categories of framed zigzags

In Section 2, C at the base of the iterated zigzag construction con-
sists of generators and boundary inclusions, encoding an algebraic
signature for which we can ‘type’ combinatorial encodings of n-
dimensional string diagrams in Zig" (C). For all intents and purposes,
in the original construction it is merely a poset. When we wish to
encode inverses of generators in this poset, an issue arises — posets
are thin: either p <q or p £ ¢; that is, the Homs are boolean-valued,
and this loses the information of how a particular generator is on the
boundary of another (only recording that it either is or is not). The
obvious solution is to make C a proper category, but this breaks glob-
ular zigzags in Zig" (C) for n>2 in a fundamental way: globularity
requires that regular-regular maps are annotated by identity morph-
isms in C, but the definition of zigzag map requires commutativity
in C which essentially forces every regular-singular map to be equal.
Taking inspiration from 2-category theory, we would instead seek to
make C a 2-poset (a.k.a. a Pos-category): a categorified version of a
poset whereby there Homs are not boolean but themselves posets'?.

3.1 Pos-enriched
and \/Lat-enriched framed zigzags

The setting to study this is Pos-enriched category theory, and this
enables us to relax the commutativity condition in the definition of
zigzag map, as Pos-categories admit a notion (op)laxly commuting

12This is akin to the difference between the face poset and the 2-poset of entrance paths
(Appendix A), with respect to a CW decomposition of a space.
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diagram. We write f = g for the ordering relation in Hom posets,
and call this witness a 2-cell filler in analogy to 2-category theory.
Unfortunately, a naive ‘Pos-enriched’ version of Zig(C) is not
well-defined as composition will not exist in general; however, the
sketch is still useful for intuition, and we will fix this issue later.

Sketch 3.1 (Naive Pos-enriched’ framed zigzags). Given a small
Pos-category C, attempt to define a Pos-category by

objects identical to zigzags as in Definition 2.3 ;

morphisms analogous to zigzag maps as in Definition 2.3, but re-

quiring only oplax commutativity in C: in the exploded diagram

in C, between aregular-regular level and a singular-singular level

there may be many paths; we require that 2-cell fillers exist in

C between the C-morphisms annotating these paths along the

converse of the path-short-circuiting relation, i.e. 2-cell fillers

point from shorter paths to longer paths'?. Identity morphisms

are given by identity morphisms as regular-regular and singular-

singular components; regular-singular components are given by
composition, making all 2-cell fillers trivial.

2-cell fillers h, = hk exactly when the underlying monotone maps

a and f are equ?d and every C-component of h, is pointwise
below the corresponding C-component of h’ﬁ.

composition fails to exist in general, because due to oplaxity
there may be many incomparable maps between any pair of reg-
ular and singular levels, and there is no way to make a canonical
choice for the result regular-singular C-annotation; e.g. the shape
of the composition in Figure 3 is determined, but when trying to
determine the C-annotation in the result: in the input to compos-
ition, there are many distinct C-morphisms ro — sy, but there is
no canonical way of choosing or combining them.

In practice, every composite we require for framed contraction
will exist, but rather than attempting to make composition partially
defined, we instead ‘complete’ our setting to add all the missing
composites formally. We do this by first freely moving from Pos-
enrichment to \/Lat-enrichment.

\/Lat is the category of V-semilattices which admit nonempty
joins (i.e. the binary operation V is associative but not necessarily
unital) and V-preserving maps. Let | : Pos — \/Lat be the functor
which takes a poset to its V-semilattice of nonempty downwards-
closed subsets ordered by inclusion, with V given by set union. For
aposet P, we denote the principal downset of pePas |p:={qeP:q<
p} CP. | isleft-adjoint to the forgetful functor UY : \/Lat— Pos.

LEmMA 3.1. The following are monoidal adjunctions:

1
LO %

(Set, x,1) —D- (Pos, x,1) - (V Lat,®, 1),
Us g

where ® is the free semilattice tensor product (Lemma F.2), D is the
discrete poset functor, U= is the underlying set functor, andIl, is the
connected components functor.

We won’t use the monoidal structure of these categories aside
from the observation that these adjunctions are monoidal and hence

30ur directional convention for these 2-cell fillers is arbitrary. Our choice aligns with
greater commonality of oplax colimits in the literature.
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Anon.

A r fi s by !
[0] 0 ; 0 ; 1 P y
+ 1"
h’;d l R/77 n ()//T /r// 40> SI/ y 0 ,r.// Z[O]
ol N I ¥ 0
explode 4 ‘ N ‘compose’ explode
7! o Loy gl bl - ! ~r o hiy ohis
o] To L7 %0 s loi \_ | pok (o]
~
hzT % ki % To Z[—l]
I

Z[-1) ro
where i=h(ro), j =hi(r0.50), k=h(r1), l=h{d[0] (r0),

m=h/
ul‘”‘

(r0.%0), nzhi’d[o] (s0), 0=h!, ] (f”1~50),P=hi’d[0| (r1)-

[0

Figure 3: Failure of composition for Sketch 3.1.

induce change-of-base adjunctions between enriched categories
(Lemma F.3), and elect to stop writing monoidal structure explicitly.

COROLLARY 3.1. We have adjunctions of 2-categories:

o
"
A —
Cat - D.> PosCat - \/ LatCat,
Us v

*

where each functor is the identity on objects.

This tells us that from any Pos-category, we can freely obtain
a \/Lat-enriched category with the same objects: one where the
Hom posets C(X,Y) are replaced with Hom V-semilattices whose
elements are nonempty downwards-closed subsets S C C(X,Y) with
joins given by unions, ordered by inclusion. Moreover, we could also
alternatively start from a category, which trivialises the downwards-
closed condition (| oD is the nonempty powerset functor). We use
this to determine what shapes of framed zigzags should be, i.e. the
appropriate enriched version of A,.

Definition 3.2. A, is the \/Lat-category given by |, (D.(A,)). Ex-
plicitly, it has (pogbly empty) simplices [n] as objects; non-empty
sets of monotone maps {a: [m] — [n]} with composition given by
the set of all pairwise composites and identity given by singleton
sets containing identity monotone maps; joins given by set unions;
and ordering'* given by set inclusion.

Now we are ready to define a genuine \/Lat-category of framed
zigzags, fixing Sketch 3.1.

Definition 3.3 (Framed zigzag \/Lat-category). Givenasmall \/Lat-
category C, the \/Lat-category of framed zigzags Zig(C) has

objects framed zigzags Z|,] — the same as in Sketch 3.1;

morphisms framed zigzag maps ha: Z|m) —>an] — a shape, given
by a nonempty set of monotone maps A C A, ([m],[n]) (a morph-
ism of A,), and a type associating to each element of # € A a
C -annotation in the vein of Sketch 3.1;

join V;cp.phiga, is aframed zigzag map whose shape is | ;¢ A; (take
the join in A,), and type associates to each a € | J;c;A; the C-
annotation obtained by taking the pointwise join in C of the
C-annotations of{thj Yjey, where J=={jel:acA;};

This is already determined by defining the join, as in any V-semilattice
x <y & xVy=y.Assuch, when we define a \/Lat-category, it suffices
to define only join and elide ordering.

composition determine the shape A by composition in A, ana-
logously to Definition 2.3, and then for each component Qjannotation
associated each to a € A, determining its type by taking the join
of all possible composites; e.g. for Figure 3, set 7 := (f;" oIV no
f)eiv(by opvnob})ok®.

This can be verified to satisfy the axioms of a \/Lat-category, using
the fact that composition in \/Lat-categories is V-preserving.

Analogously to the unenriched case, Zig (C) is naturally equipped
with a \/Lat-enriched singular projection 7, : Zig(C) — A4, and
this construction determines afunctor Zig: \/LatCat — \/LatCat/A,.
We also have a \/Lat-enriched version of Definition 2.6.

Definition 3.4 (Framed explosion). GivenaA.-indexed \/Lat-category
p: C— A, define a new \/Lat-category Exp_l(p) given by
objects analogous to Definition 2.6;
morphisms morphisms come in three varieties as per Definition 2.6,
but are indexed by nonempty subsets of monotone maps A C
A4 ([m],[n]) instead of individual monotone maps @ € A, ([m],[n]),
with the components generated existentially; e.g. for singular-
singular components, morphisms are generated for each « € A
of the form:
ha(sj): c(m) (sjl.m]) — c'[nJ (s[[;zjl.)) suchthat0<j<m+1;
join setunion on the indexing sets of monotone maps;
composition analogous to Definition 2.6, except replacing commut-
ing triangles with oplaxly commuting triangles.

Like before, this determines a left adjoint to Zig:
Expl: \/LatCat/A, — \/LatCat.
Using sliced adjunﬁns (Lemma F.4), the whole situation is rendered
nicely as Figure 4: the unenriched Expl 4 Zig is obtained from
Expl4Zig by composition of these adjunctions, and moreover we

obtain a Pos-enriched version'®, and each version is a parametric
right adjoint.

The free V-completion of Hom posets under |, is just a technical
device to ensure that composition in Definition 3.3 is well-defined,
and it bears no relevance to the framed contraction we will intro-
duce, so we focus on the Pos-enriched version of the framed zigzag
construction from hereon.

5This expression has been simplified to include only maximal incomparables.

1Explicitly, this begins with a Pos-cateogry, which is freely completed via |, to a
\/Lat-category, from which we take the framed zigzag \/Lat-category (Definition 3.3),
which is then forgetfully seen as a Pos-category living over D, (A, ). The sliced right
adjoint U’ / p, (Ay) takes a A -indexed \/Lat-category and uses pullbacks in PosCat

to ‘delete’ the parts which do not live above singleton sets of monotone maps.
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I, U;/ Expl
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\/ LatCat
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o /Duay) Du/ay

L  PosCat = 1.  \/LatCat = L \/LatCat/& T PosCat /D.(A) — Cat/A. dom, (~. ¢

UY/paay) US/a,

Ldom

PosCat

Figure 4: Relationship between unenriched and enriched versions of the zigzag construction.

3.1.1 Unframing. We can obtain a left adjoint to D, /a, also.

LEMMA 3.2. DefineIly./p,(a,) : PosCat/D,(A,) — Cat/A, by
applying Iy, ; then

Mow/pu(ay)
Cat /A, = 1  PosCat/D.(A,)
D*/A+
doml . ldom
Cat 1 PosCat
D,

commutes.

Using the pointwise nature of Zig, we can relate the framed and
unframed versions of the zigzag construction as follows.

THEOREM 3.5 (UNFRAMING). Ilo./p, (a,)0Zig=Zigolly,.

We call this unframing, and it is a kind of conservativity result for
framed zigzags over zigzags.

3.2 Framed contraction

As in Section 2.1, the enriched analogue of contraction should con-
struct ‘colimits’ in Zig (C) from ‘colimits’ in C. However, as is the
typical case in enriched category theory, the idea of a colimit as
a universal cocone requires further nuance, especially given that
under Pos-enrichment we have oplaxly commuting triangles in our
(Pos-enriched) diagrams.

Here, we make precise the notion of oplaxly commuting diagram,
using the underlying graph of categories and the usual notion of
commuting diagram.

Definition 3.6 (Free category and underlying graph). There is a
Graph : C which takes a

category to its underlying (directed) graph, and a (directed) graph
to the free category of paths and path concatenation generated by it.

monadic adjunction U°: Cat = 1

Definition 3.7 (Commuting diagram). A commuting diagram in
a category C is a functor which factors via a poset (thin category):
C(J) — P —C for some simple!” directed acyclic graph J and poset
P.

Acyclicity encodes the idea that posets are antisymmetric, so there
are no non-trivial isomorphisms in P.

Definition 3.8 (Oplax 2-poset, atoms). An oplax 2-poset is a Pos-
category P with the same structure as D(C(J)) for some directed
acyclic graph J, except additionally for each pair of paths p,p’ €
P(u,v), p= p’ whenever p can be obtained from p’ by deleting ver-
tices. We describe the minimal elements of P(u,0) as atoms, and the
composite of any pair of non-identity morphisms is never an atom.

7The edge relation is boolean.

Definition 3.9 (Oplaxly commuting diagram). An oplaxly commut-
ing diagram in a Pos-category C is a Pos-functor which factors via
an oplax 2-poset: D(C(J)) — P — C for some simple directed acyclic
graph J and oplax 2-poset P.

When convenient, we will assume that the first composite of an
oplaxly commuting diagram is the identity without loss of gener-
ality, i.e. taking the definition of oplaxly commuting diagram to be
Pos-functors P — C for some oplax 2-poset P.

We carve out the appropriate notion of colimit in this section,
along with an effective procedure for constructing them.

3.2.1 Oplax conical colimits. Fix a pair of Pos-functors F,.G: J=3C.

Definition 3.10 (Lax natural transformation). A lax natural trans-
formation a: F = G is a family of C-morphisms a;: Fj — Gj for
each j €], equipped with lax naturality squares: for each morphism
f:j—j inJ,a2-cellfiller Gfoa; = ay oFfin C:

Fi Z gy
o = |y
Gj ot Gj'.
The collection of all lax natural transformations F = G form a poset

Lax(F,G) ordered component-wise. Note that the lax naturality
squares at identity morphisms are necessarily strictly commuting.

Definition 3.11 (Oplax cocone). An oplax cocone over ¢ € C is a
lax natural transformation « : F = const.. That is, a family of C-
morphisms «;: Fj— c such that for each morphism f: j— j"in],
there is a 2-cell filler a; = arjs o F f

Fj L By

0N e,
C.

Oplax cocones over a diagram F with a fixed tip ¢ are partially-
ordered pointwise, and form a poset OplaxCocone(F,c).

Definition 3.12 (Oplax conical colimit). The oplax conical'® colimit

of F is the representing object (unique up to unique isomorphism)
of the Pos-functor
OplaxCocone(F,-): C — Pos,

i.e. an object oplax colimF € C such that there is an order isomorph-
ism of posets C(oplax colimF,c) = OplaxCocone(F,c) natural in
eachce(C.

Unpacking, this is equivalent to a universal oplax cocone 1: F=
constoplay colimr* for any other oplax cocone a: F= const, there is

18The adjective ‘conical” here states that this is an oplax version of a conical colimit, as
opposed to an oplax version of a weighted colimit, which is what ‘colimit’ often means
in an enriched context (see Appendix B).
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a unique morphism u : oplax colimF — ¢ such that the following
commutes in C:
c

[e%] ~
1 u

Fj — oplax colim F.

Also, for any other oplax cocone with the same tip, ¢’ : F= const,,
which factors through oplax colimF via u’ : oplax colimF --» c, as
above, such that for all j € J, we have a} = aj, then it must be the
case that 4’ = u and vice versa.

We will observe that this notion requires some adaptation for our
purposes, but first we begin to analyse framed contraction, starting
with its recursive case as before.

3.2.2  Framed contraction recursive case. The primary use case for
contraction is to compute colimits of (commuting) diagrams in
Zig"*1(C) of the form ry — sy < -+ — s; « ri41. These can be
seen as a one-dimensional space indexed by regular/singular levels.
Recall that, by Lemma 2.4, these correspond to a larger diagram in
Zig"(C) where each regular/singular level takes on the shape of a
zigzag, and each zigzag map is replaced with its components; the
resulting diagram can be seen as a two-dimensional space, where
the points are indexed by a pair of regular/singular levels. Moreover,
the original diagram is of the form of the explosion of a single point
Z € Zig"*?(C). In general, the (n-fold iterated) full explosion of a
zigzag in Zig" (C) produces an n-dimensional space whose points
are objects in C, indexed by n-tuples of regular/singular levels, con-
nected by C-morphisms. This holds completely analogously in the
case of framed zigzags also, except commuting diagrams are replaced
by oplaxly commuting diagrams; note that explosion preserves the
property of being an oplaxly commuting diagram, and the iterated
cospan shape above is oplaxly commuting (trivially).

However, the explosion of an oplaxly commuting diagram in
framed zigzags does not preserve the property of having only trivial
(invertible) 2-cell fillers. This is most easily seen by the explosion of

a framed zigzag map Zi Z’ in some Zig"*!(C): the resulting ‘two-
dimensional’ diagram in Zig" (C) has potentially non-trivial 2-cell
fillers originating from the explosion of h. Similarly, the explosion of
an identity morphism Z =Z in Zig"*?(C) admits a diagram whose
2-cell fillers are all trivial, but regular-singular components are not
identities in general (only the regular-regular and singular-singular
components are). Exploding again yields a three-dimensional dia-
gram in Zig" (C) which will admit non-trivial 2-cell fillers in general,
arising from the explosion of these non-identity framed zigzag maps.
If the original diagram does have some trivial 2-cell fillers, this does
manifest in the exploded diagram as triviality of associated 2-cell
fillers which are ‘axis-aligned’: just like how the explosion of an
identity morphism has non-identity morphisms as regular-singular
components in general, the explosion of an identity 2-cell filler in
general has non-identity component 2-cell fillers relating morph-
isms of regular-singular variety. E.g. in Figure 5, if the 2-cell filler of
framed zigzag maps = inverts, then so do its axis-aligned associated 2-
cell fillers in corresponding exploded diagram (o: ;7 =7; and
Birir!=r; are not axis-aligned, because they relate a regular-
singular component to a composite of a regular-singular component).
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Anon.

Given that contraction is supposed to be a universal zigzag short-
ening operation, which is only rearranging information in its input
diagram, in the framed setting the direct analogue is asking for a
conical colimit of the same form as Figure 2. That is, all the 2-cell
fillers should be trivial at the level of Zig" (C), which operationally
makes sense as framed contraction should not be constructing any
new algebraic information. Through the colimit lifting machinery
we developed in Section 2.1, this results in (repeatedly) asking for
some interpolation between conical and oplax conical colimit in the
fully exploded diagram in C, as the triviality of the 2-cell fillers in
Zig"(C) yield a mix of trivial and non-trivial 2-cell fillers via this
full explosion. We define this interpolation as marked colimits.

Definition 3.13(Marking). A marking M of Fisa class ofJ-morphisms
closed under composition (containing all identities).

Definition 3.14 (Marked cocone). Given a marking M of F, a M-
marked cocone over c € C is an oplax cocone over ¢ such that for each
morphism f: j— j" in M, the lax naturality triangle at f commutes
strictly (i.e. its 2-cell filler inverts). M-marked cocones over a diagram
F with a fixed tip c are partially-ordered pointwise, and form a poset
MarkedCoconeM (F,c).

Definition 3.15 (Marked colimit). Given a marking M of F, the
M-marked colimit of F is a representing object colim™F of the Pos-
functor MarkedCoconeM (F,-): C —Pos.

Itis the universal M-marked cocone analogously to Definition 3.12.

The minimal marking (containing only identities) gives the oplax
conical colimit, and the maximal marking (all morphisms) gives the
conical colimit.

Remark 3.16. Definition 3.15 is a particular weighted colimit, just
like conical and oplax conical colimits. See Appendix B for details.

To complete our analysis of the recursive nature of framed con-
traction, the final missing piece is an analogue of Proposition 2.3
for these marked colimits. We presuppose the notion of left Kan
extension of Pos-functors [17, § 4].

Definition 3.17 (Marked under oplax cocone 2-poset). Let P be an
oplax 2-poset, generated by a simple directed acyclic graph J, along
with a set M of edges of J. The M-marked under oplax cocone 2-poset
P>M s given by freely adjoining to J a terminal vertex 1 along with
new edges (j,1) for all j € J, and taking the quotient of its free oplax
2-poset which inverts j1 = jj’1 for each (j,j’) € M; it is equipped
with an inclusion i: P P>M,

1 is the maximal element of Iy, (P™*M), and every Hom poset
P™M( 1) admits a meet given by the atom j1.

PROPOSITION 3.1. For any oplaxly commuting diagramF: P—C,
the data of an M-marked colimit of F is equivalent to the left Kan
extension Lan; F:

p-c
Z‘£ /Lani F
BD,M

Fj, jEP,
iven by Lan;F(j)= =
£ Y £ {colimMF, j=1,

and Lan; F(f) = Ff for morphisms of P, Lan; F(jy ... jx1) = tj, o
F(jo...jx) for each new morphism in P>M,
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YA

Figure 5: Explosion of framed zigzags. Colour indicates originating framed zigzag/framed zigzag map/2-cell filler.

Now, the translation machinery of Section 2.1 works essentially

unchanged, because:

e marked, oplax conical, and conical colimits in D, (A, ) coincide
because its Hom posets are discrete,

o the parametric right adjoint Zig : PosCat — PosCat extends to a
strict 2-functor in the same v@ as Proposition 2.1,

o PosCat and PosCat/C have a completely analogous 2-categorical
structure to Cat and Cat/C, and

e dom: PosCat/C — PosCat is also locally fully faithful.

Therefore, Theorem 2.10 and Corollary 2.4 hold for Zig and marked

colimits instead. o

3.2.3  Framed contraction base case. Finally, we need to construct
some M-marked colimit of F: D(C(J)) — C, with F a diagram ob-
tained by explosion. As we did in Section 2.1.3, we assume that such
a diagram is surjective without loss of generality.

We note that this diagram is related to its unframed version in a
strong way.

LEMMA 3.3. If F admits a marked colimit colimMF for any M,
Iy (F) : . (D(C(J))) = o, (C) admits a colimit given by the same
object whose legs are given by applying I1y,.

This means we can determine the tip of the universal M-marked
cocone whenever it exists by first unframing and then taking the
colimit in the poset I1y, (C). By surjectivity, this colimit takes the
form F(jr) for some jr € T, where T is the set of terminal vertices
of J; let TM denote the subgraph of J induced by T and marked
edges, which is connected by axis alignment. The only remaining
information is to determine its legs 1;:

(1) theuj, isgivenbyidp(;,) necessarily, because every endomorph-
ismin C is identity;

(2) because every marked edge imposes a commuting triangle re-
quirement with respect to the tip F(jr), we can progressively
determine the legs at every vertex in TM: for an edge jj’ in T™, if
tj» is known, then 1; must be given by compositionas ;7 oF(jj’);
similarly, if 1; is known, and F(jj’) is not an identity, then this
commutativity condition is unsatisfiable!?, so fail; if it is an iden-
tity, then set 1j» =1;;

(3) now, extend this to the rest of J: for each jj’ with j’ € T, 1 =
tjroF(jj’) satisfies the oplaxly commuting triangle above j;’;
every 2-cell filler in the neighbourhood of jj’ in the image of
F determines a constraint system of inequalities of the poset
C(F(j),F(j")) of alternative choices for F(jj") which would still

19Like how the composite of non-identity morphisms in an oplax 2-poset is never atomic.
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make 1; an M-marked cocone — fail if there is ever a distinct
choice other than F(jj’), as in that situation we will be able
to construct two distinct M-marked cocones with the same tip,
which necessarily must factor through each other by idp(j, ), a
contradiction.
The resulting M-marked cocone is the universal one (in fact, the only
one), as we have checked along the way, and this procedure termin-
ates as we always make progress along the finitely many vertices of J.

4 Coherentinvertibility

Here we demonstrate some examples [15, Chapter 6] of framed zig-
zag Pos-categories which model the setting for n-dimensional string
diagrams, with respect to some algebraic signature, which admit
coherently invertible cells. For lack of a better scheme, morphisms in
the base Pos-category (which represent framing) are simply indexed
by positive natural numbers, but the reader is reminded that they are
supposed to signify proof-relevant boundary inclusion of generators
in the context of an n-dimensional string diagram.

Each example is constructed inside homotopy.io, and can be easily
reproduced by the interested reader®’. Some pre-constructed work-
spaces are available at the referenced links. Further guidance on the
use of the system is available [19, 12, 5].

4.1 Invertible 1-cell [14]
The algebraic signature to be modelled consists of two 0-cells x and
y, and a single 1-cell f: x —y which admits an inverse f~!: y—x.
The base Pos-category in this case is the Pos-category C given
by the diagram x 5 f & y. 1-dimensional string diagrams over
this signature are encoded by objects of Zig(C) such as x5 f iy,
yif<1—x, and x—1>f<iyi>f<l—x which respectively represent f,
=1 and the composite f~!o f as string diagrams:

Here the coloured wires represent x and y, with f and f~! being
coloured points. In our string diagram convention, diagrams go from
bottom-to-top.

21n order for the system to allow the inverse of an n-cell for n> 1 to be attached, that
cell must be marked ‘invertible’ inside the signature.
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The cancellation ! o f = id, seen as an invertible 2-cell is

represented by the 2-dimensional string diagram:

This is encoded by some object @ € Zig?(C), with explosions in
Zig(C) and C*':

r x

exRI/o}de ;El) eXPlode T / ;1,\
- |7 m\\
To e fgy 5 [

In particular, this diagramis obtained by contracting the 1-dimensional
string diagram o f, and observe that f is the (marked) colimit of

the directed diagram:

1 .2 2 .1
x— fey— fex,

as we described in Section 3.2.3, and this determines the framed
zigzag map ro — so above.

An example witness to f ! being a coherent inverse to f is given
by the ‘snakerator’ framed zigzag map of the following form:

c
—

Crucially, such a framed zigzag map is obtained by framed contrac-
tion, and we conjecture that all such coherences in every dimension
are also obtainable this way.

This can also be seen as part of a 3-cell, which is the 3-dimensional

string diagram:

The front face of this picture is encoded by the domain of ¢, and the
back face by its codomain. Scanning continuously front-to-back, c
itself encodes the homotopical deformation of ‘straightening the
snake’ — that the transformation in Equation (1) is equivalent to the
‘do nothing’ (identity) transformation. This 3-cell is itself coherently
invertible, and will admit an infinite family of coherences in the same
way as f. More higher coherences are detailed in Appendix C.

21 All 2-cell fillers in C are trivial, so have been elided in the diagram.
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4.2 Invertible 2-cell scalar

In this example, we model the algebraic signature consisting of a
single 0-cell x, and a single 2-cell scalar s: id, — id, which admits
vertical and horizontal inverses of the same type.

The base Pos-category in this case is C given by two objects x and
s, with the only non-identity morphisms being:

3 4
Cxs)= 1 X1
1 2
The objects of Zig?(C), drawn as diagrams in C by explosion, which
represent s and its inverses are:

/M\ PZNY

r —3> 8 <4— T r —4> 8 <3— T

N i \\v b

gvertical inverse gvertical inverse

/M\ PZNY

r —3> 8 <4— T r —4> S <3— X
\+/ 1nverse r\r\\,r//(/,

The top-left dlagram represents s itself, Wlth its vertical inverse
s~! being represented by its reflection in the horizontal axis below,
and its horizontal inverse being represented by its reflection in the
vertical axis to the right.

Even though as diagrams in C these all appear to contain the same
data, as objects of Zig?(C) they are distinct. This example also illus-
trates the necessity of Pos-enrichment and non-trivial 2-cell fillers:
without that, commutativity of all the triangles would be imposed,
which in turn determines 1=2 =3 =4 and removes the ability for s
to be distinguished from its inverses in Zig?(C).

The cancellation of s™! os = idy4, is again given by the framed
zigzag map generated by framed contraction?’

c
—

or as a 3-dimensional string diagram:

That this inverse is coherent says, among other things, that the
3D snake that can be constructed by extending this also admits a
homotopy obtained by contraction which pulls it straight.

In Appendix D we use an invertible scalar to illustrate a formal
proof of Theorem 1.1, as stated in the introduction.

22See Appendix E to see how all the pieces fit together.
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f

Figure 6: CW decomposition of the 2-sphere.

A Face poset and entrance path Pos-category

Here we give an example of the entrance path Pos-category (i.e.
2-poset) associated to a CW decomposition of space, which is a cat-
egorification of its face poset. This structure tracks proof-relevant
boundary inclusion in an analogous way to how framed zigzag Pos-
categories generalise the original zigzag categories of Reutter and
Vicary [20] by tracking framing data.

Consider the CW decomposition in Appendix 6 [18, Figure 3]. Its
face poset P is given by cells ordered by boundary inclusion, i.e.

t b
P
I g
X

Tz Y.
However, information on how a cell includes as the boundary of
another is lost, because the face poset is thin. The entrance path
Pos-category P of this CW decomposition restores this information;
it has the same cells as objects, but rather than a boolean-valued
Hom between cells, it has a poset of entrance paths ordered by the
subsequence relation: e.g. the poset P(x,t) is

x— f—=t T—g—t

~ =
r —t,

which represents that there are two ways to enter t from x, either
through f or g, and neither is a refinement of the other. We observe
the relationship between the two structures: P =IIy, (P).

Similarly, we utilise Pos-categories to ‘thicken’ the Homs of the
category encoding an algebraic signature at the base of the zigzag
construction (a poset) into Pos-categories in the framed zigzag con-
struction to allow for the representation of proof-relevant boundary
inclusions, which we call framing.

B Marked colimits are weighted colimits

In this section, we elaborate on the well-known fact that oplax con-
ical colimits are weighted colimits for a certain weight, and extend
this description to encompass marked colimits. This means that they
exist in any cocomplete Pos-category (which admit all weighted
colimits). The original result is due to Street [23], who showed it in
the case of 2-categories; we give a more explicit form. First, we recall
the notion of weighted colimit for Pos-categories.

Definition B.1 (Pos-weighted colimit). A weighted colimit of a dia-
gram F: J— C weighted by W : J° — Pos, colim"'F, is an object of
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C with Pos-representation
Q(colimWF,c) = [J°P,Pos] (W,Q(F—,c)) .
Explicitly, this equips colim" F with a family of morphisms
(tj,w :Fj— colimWF)
jeJweWwWj
such thatforall f: j— j andweWj":

colim"“ F

LW A ( / w,w
. .
_—
Fj 77 Fy
commutes, and this is universal: any other object with such a family

of morphisms factors uniquely via colim" F. This factorisation and
the mapping W j — C(Fj,colim" F) are required to be monotone.

Remark B.2. W is a generalisation of the shape of the cocone. A
natural transformation a;: Wj — C(Fj,c) is a collection of maps
which act as legs of this generalised cocone, varying monotonic-
ally over weights w € W j; the naturality property asserts that for
any f : j — j/, varying the weight determined by a specific leg
Fj" — ¢ by mapping along W f is equal to precomposing that leg by
Ff — in other words, the previous triangle commutes replacing c for
colim" F. The order isomorphism between the poset of these natural
transformations and the Hom poset C ( colim" F,c) then establishes
the universal property: firstly that a morphism colim" F — ¢ is in
bijective correspondence with a particular generalised cocone of
tip ¢, and that moreover this bijection should preserve and reflect
orders®. That is, the order on factoring maps C(colim" F,c) is com-
pletely determined by cocones, one above another exactly when the
target cocones are ordered as such.

The ordinary (conical) colimit is obtained by taking W to be the
constant functor at the terminal object of Pos.

PROPOSITION B.1 (OPLAX CONICAL COLIMITS ARE WEIGHTED COLIM-
115 [23]). Every oplax conical colimit of F: J— C is equivalently given
by a colimit of F weighted by some W : ] — Pos.

The explicit description of this transformation is given as follows.

Definition B.3 (Oplax conical weight). Let F : J] — C be a dia-
gram. The oplax conical weight of F is the contravariant Pos-functor
Ly: J°? — Pos which sends j to the set of morphisms in J with domain
J, ordered by u <v whenever there exists some J-morphism which

oplaxly extends u to v:
Y
AT
N

j—a T
AJ-morphism f: j— j’ is sent the monotone map of precomposition
with f, and Hom posets inherit the ordering on J-morphisms.

Example B.4. Let J be the walking arrow 0— 1,and F: J— C the
diagram which chooses f: x —y.

Its oplax conical weight Lj is given by 0+ {id; } and 1+ {idy <
0— 1}, with the unique morphism 0 — 1 mapping to the monotone
map —o(0— 1). A colimit of F weighted by Lj is a universal object c,

Z3Recall that the natural transformations e are ordered pointwise by components.
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twolegs 1iq, = 101 over F(0) =x, oneleg 1jq, over F(1) =y, satisfying
10—1 =tid, ©F (0 — 1) =134, o f. Pictorially, this looks like:

tia, of
) Lidy
Lidg

which is exactly what it means for 14, and 14, to form an oplax
cocone over F.

Now, we extend this to marked colimits.

Definition B.5 (Marked weight). The marked weight My associated
to a Pos-functor F: J — C equipped with a marking M is defined
similarly to the oplax conical weight Lj, except each poset in its
image is additionally localised at

{idy <f:3ye].f: x—>yeM}, foreachxe].

The fact that M is closed under composition ensures that My is

well-defined as a Pos-functor (on morphisms).

C Catastrophe:

snakes, swallowtails, and butterflies
Continuing from Section 4.1, one dimension higher, swallowtail
coherences assert that certain 3-cells built from the introduction
and elimination of the snake along snakerator 2-cells are equal. For
instance, the assertion that

is equivalent to the identity 3-cell. From the third picture, there are
two ways to reach the ‘cup’ diagram: perform a snake cancellation
move on the left, or interchange the cups, and then perform a snake
cancellation move on the right. The swallowtail coherence asserts
that these are equivalent.

It is a 4-cell itself, so it is difficult to convey in static images, but
homotopy.io allows us to represent this fourth dimension as a smooth
animation of 3-dimensional surface diagrams. Figure 7 presents
screenshots of 3D time slices of this animation.

This admits a 5-dimensional coherence: the butterfly coherence,
asserting that certain sequences of transformations of 3-dimensional
surface diagrams built from swallowtail introduction/cancellation
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moves and interchange are equivalent to the ‘do nothing’ transforma-
tion. The source of this 5-cell (a 4-cell) can be viewed as an animation,
as in Figure 8 (the target 4-cell is a static animation).

All of these coherences can be interactively explored in the linked
workspace [14]. Together, these coherences are call catastrophes,
and we conjecture that the mechanism of framed contraction can
generate them in arbitrary dimensions.

D TheFigure-8 Theorem [16]
Here we illustrate a formalised proof of Theorem 1.1.

Theorem 1.1. In the free co-groupoid S generated by an object x
and a 2-cell f:id, = idy, the following ‘Figure-8’ string diagrams
represent homotopic 3-cells in S (idig,,idiq, ):

R

This proof can also be viewed as an animation of 3-dimensional
string diagrams [13].
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1857 1915
1858 1916
1859 1917
1860 1918
1861 1919
1862 1920
1863 1921
1864 1922
1865 S e e ————e e e 1923
1866 1924
1867 Figure 7: Swallowtail coherence, rendered at time ¢ =0,0.25,0.5,0.75,1. 1925
1868 1926
1869 1927
1870 1928
1871 1929
1872 1930
1873 1931
1874 1932
1875 1933
1876 1934
1877 1935
1878 1936
1879 1937
1880 1938
1881 1939
e e —— ——s —_——— om0
1883 . . 1941
Figure 8: Butterfly coherence source, rendered at time ¢ =0,0.25,0.5,0.75,1.
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1886 1944
1887 1945
1888 1946
1889 1947
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1891 1949
1892 1950
1893 1951
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1898 1956
1899 1957
1900 1958
1901 1959
1902 1960
1903 1961
1904 1962
1905 1963
1906 1964
1907 1965
1908 1966
1909 1967
1910 1968
1911 1969
1912 1970
1913 1971

1914 17 1972



1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030

Conference’17, July 2017, Washington, DC, USA

Anon.

Proor [15]. By string diagram homotopy constructed by framed
contraction:

“““““““““‘\9“““““““““‘\4||||||||||||||||||||

9||||||||||||||||||||(
«—

| _)l(_.
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2089 O (1) First, set up the conical colimit framed contraction is to compute 2147
2090 ) (Section 3.2.2): 2148
2001 CoroLLARY D.1. m3(S%) =Z. rapy — A, 2149
2092 Proor [15]. In string diagrams, consider the set of generators of 1 2150
2% 73(S?) corresponding to some (composite) braiding, e.g. S100 2151
2094 (0] 2152
2095 T \_4 2153
2096 (a1 [—1] — C? 2154
2097 1l / 2155
2098 50[0] 2156
2099 2157
2100 T B 2158
2101 TO [_1] - ? 2159
2102 The ?s indicate unknown shapes for the result framed zigzags, 2160
2103 to be determined. 2161
2104 (2) Take the singular projection, and compute the colimits in A, to 2162
2105 . . . determine those shapes (Section 2.1.1): 2163
Jo6 Such a generator can be decomposed into a composition of Figure-8 Jios
so7 3-cells by the invertibility of f, in particular along: (1] — [-1] s
2108 Jf 2166
2109 2167
2110 — — T \ 2168
2111 — 1] — O] 2169
2112 i 2170
2113 / 2171
2114 2172
Eg.
2115 T 2173
2116 - — |— 1] 2174
2117 (3) Explode, to geta diagram in C (Section 2.1.2): 2175
2118 rai_y) » Ay 2176
2119 l / 4‘” Ar, 2177
2120 B 2178
Z A\ ‘
2121 1[0 T =328 — 2179
2122 — — T \ \ 2 & 2180
explode
2123 i) — Clo| o z Cro Cey 81
2124 l /' / ; 2182
2125 < 2183
So[o] r =32 sE1— 1
2126 N+ ‘ ‘ 2184
2127 \ ! 2185
2128 ro—1; — By z By, 2186
2129 (many arrows and 2-cell fillers have been omitted for readability). 2187
2130 o ; ., ; 2188
131 Any such generator is therefore homotopic to some composition (4) This 1n.duces a collection of rr}arked colimit problems in C to
. . .. . . determine both what the C-objects A, ,By,,... should be, and the 2189
of Figure-8s, using the fact that there are a priori four possible Figure- . . = ]
2132 . . . . I legs of their respective marked cocones (Section 3.2.3); the most 219
8 3-cells arranged into two pairs of inverses, both of which coincide B B . . o
2133 interesting one is for Cs,, which asks for a marked colimit of: 29
i34 (Theorem 1.1). 0 2192
o135 Note that this set of generators extends to all of S(idyq, i Jidig, dx) ‘ 2103
136 by homotopy along the snake hom;)t(.)ples admissible by the 1n.vert- / i \ o
i3, ibility 9f. f,sowe deduce. t}.IaF 73(S%) is freely gf:nerated by a smglf: T —3 _> s (_ P 2105
a3 nAon-tr1V1al generator so it is isomorphic to the integers under addi- \ / "
oo Hom:Z:=({0,1,—1},+,0). O | 2197
T
2140 2198
E Aworked / ! \
2141 . . 2199
_ example of recursive framed contraction ; 2200
2143 Here, we elaborate on the recursive case of the framed contraction 4\ 2201
2144 procedure involvedin the contraction of Section 4.2, using Section 4.2 \ / 2202

2145 as our example. 2203
2146 19 2204
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where red arrows indicate marking, induced by explosion from

the axis-aligned trivial 2-cell fillers in Zig (C) that we started

with.
(5) Because we corestrict to make this diagram surjective (Sec-
tion 2.1.3), via unframing (Section 3.1.1) surmise that the tip

of this marked colimit is necessarily s.

(6) Through the base case procedure in Section 3.2.3:

(a) determine the legs from top to bottom of the vertically
aligned xs as 1, 2, and 1 respectively;

(b) for the xs on the left, determine the constraints in C(x,s)
to be < 3, > 1, > 2: the only solution is 3; symmetrically,
determine the legs for the xs on the right to be 4.

These give part of the data for the maps into C|) that we need

to compute.

(7) Repeat for the other marked colimit problems, finally yielding

the result as:
X
|
//1\\
'\

T —328<4— T
\’\;/’/
\
T
along with all the data mapping in, required to assemble the
framed zigzag maps in Zig (C) from step (3).

F Proofs

Here we include proofs that have been elided in the main text for
the sake of readability.

F.1 Proofs for Section 2 (Zigzag categories)

LEMMA 2.1 (WRAITH’S DUALITY [28]). There is an equivalence of
categories R: Ay = A-°P given by [n] — [n+1].

Proor. To complete the proof rigorously, the equivalence R is
given by retyping (in the codomain) the contravariant Hom functor
as

A (= [2]): Ay S AP,
using the fact that [n+1] can be identified with the set of monotone
maps «: [n] — [2]. This is because any such monotone map « is
uniquely determined by i € [n+1] such that Vj <i.a(j) =0. In other
words, thinking of [n] as an iterated cospan as above, « is determined
by choosing an r; such that it partitions the s; on the left into those
mapped to 0 and on the right into those mapped to 1, of which there
are [n+1] choices. It follows easily that such a functor is fully faithful
and essentially surjective. O

COROLLARY 2.1. Every category C admits a unique functor to the
terminal category!: C — 1. The singular projection w¢ factors as the
composite my o Zig(!).

Proor. Observe that the isomorphism of Lemma 2.2 is precisely
7r1. The necessary commuting triangle arises from the functoriality
of Zig (Lemma 2.3). O

LEMMA 2.4 (UNIVERSAL PROPERTY OF ZIGZAG CATEGORIES). We
have an adjunction as follows:
Expl
Cat Cat/ A
S /A
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Proor. We determine a natural bijection between A, -indexed
diagrams in a zigzag category Zig (C) and diagrams in C with respect
to an exploded index:

F:J—Zig(C)
fF: Expl(nrgoF:J—Ay) —>C
f F is the functor which maps on objects, for each x €J over [m],
m](ri) > Fx(r), 0<i<m+1,
X[m] (sj) > Fx(s;), 0<j<m+1,
and on morphisms, for h€J(x,y) over a: [m] — [n],

in Cat/A,,
in Cat.

ha(rir) = Fh(ry), 0<i’<R[n]=n+1,

ha(sj) ¥ Fh(s;), 0<j<m+1
0<j' <n+1,

ha(rissy) = Fh(risy), Ra(j’) <i<Ra(j’ +1).

The inverse of this bijection is analogous, and naturality is straight-
forward. O

PROPOSITION 2.1. Zig extends to a strict 2-functor.

Proor. Fix functors F,G: C — D. Recall that
Zig(F),Zig(G): Zig(C) — Zig(D)
are A;-indexed functors which reannotate zigzags in C to D, which
are compatible with the singular projection: they leave the shape of
zigzags/zigzag maps unchanged.

We need to define the action of Zig on natural transformations
a: F = G, and its result must be a A, -indexed natural transform-
ation Zig () : Zig(F) = Zig(G). Strictness of Cat/A; means that
this is merely a natural transformation between the underlying
functors via the domain projection. This is a collection of zigzag
maps Zig(a)z : Zig(F)(Z) — Zig(G)(Z) in Zig(D) parametrised
by Z € Zig (C), subject to naturality conditions. All of Z, Zig (F)(Z),
and Zig(G)(Z) have the same length, so this fixes the shape of
Zig (@) z: its underlying monotone map is the identity function. Now
use the components of @ as the required D-morphisms; the valid-
ity of this zigzag map is given by the naturality of a. Naturality of
Zig (@) is easy to check. O

PROPOSITION 2.2. A categoryC admits a terminal object if and only
if the terminal functor!: C — 1 admits a right adjoint.

Proor. The right adjoint T: 1 — C is the global element pick-
ing out the terminal object of C; for any object ¢ € C, we obtain
{x}=1(le;x) =C(c, T*). O

COROLLARY 2.3. IfC admits a terminal object, then the singular
projection nc: Zig(C) — A, preserves colimits.

ProOF. Because strict 2-functors preserve adjunctions (Lemma 2.5),

the strict 2-functor Zig (Proposition 2.1) sends
Zlg(')
Zig(C)

"
—  Zig ig(T
1L, C— \g()/
>

and thus deduce that Zig(!) is a left ad]omt in Cat/A. (and hence
by Corollary 2.2 a left adjoint functor). By Corollary 2.1, we deduce
that ¢ = 0 Zig(!) is the composite of left adjoints and so also a
left adjoint, and hence preserves colimits. O

2263
2264
2265
2266
2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
2304
2305
2306
2307
2308
2309
2310
2311
2312
2313
2314
2315
2316
2317
2318
2319

2320



2321
2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375
2376
2377
2378

Invertibility in higher-categorical string diagrams with framed zigzags

LEmMA 2.8. IfC admits a terminal object, then so does Zig(C).

Proor. Abstractly, following the proof of Corollary 2.3, we ob-
tain an adjunction in Cat/A,: ida, is left adjoint to 7¢. The strict
2-functor dom sends this to an adjunction in Cat: A, is left adjoint to
Zig(C). Now, compose this adjunction with the adjunction between
1 and A, which determines the terminal object [0] € A, in order to
get aright adjoint to !: Zig(C) --> 1.

Explicitly, the terminal zigzag in Zig(C) is the 1-length zigzag
1[o] =T — T « T; every other zigzag admits a unique zigzag map
to this: the shape is fixed because [0] is terminal in A, and the type
is fixed because T is terminal in C. O

THEOREM 2.10. Let F: Cat — Cat be a parametric right adjoint
endofunctor, which factors as:

L
— d
F: Cat J}% Cat /F'1 = Cat,
with the natural bijection of the adjunction denoted:

0
VCeCatp: E—F1eCat/F1. [L(p).C] = [p.R(C)] p;-

For a F1-indexed categoriesp: & — Fl andq: & — F1, and F1-

indexed functorsG: p—R(C) andi: p < q, wherei is an inclusion®!,

we have a bijection of commuting diagrams in Cat:

dom( L(p) 971(02 C

0D qom(R(C))

£
dom(¢ L
( )\[ /an:lom(i) dom(G) ( )j /af'lL(i) 071 (G)
£ L(q),

i.e. Langom(;ydom(G) = dom(6(Lan ;67 (G))).

Proor. For any functor H': & — dom(R(C)), by composition
there is a F1-indexed category R(C) oH’ : & — F1 along with a
F1-indexed functor H: R(C)oH’ — R(C) such that dom(H) =H'.
Now calculate:

[&",dom(R(C))] (Langom(i)dom(G),dom(H))
= {Langom(;) 4 —odom(i)}
[£,dom(R(C))] (dom(G),dom(H)odom(i))
= {dom locally fully faithful 2-functor}
[p-R(C)]/f1(G.Hoi)
= {07! natural bijection}
[L(p).C1(07(G).07" (Hoi))
={07"(x)=ecoL(x)}
[L(p).C1(671(G).07 (H)oL(i))
={Lany(;)1—oL(i)}

[L(¢).C] (Lany 107" (G).67' (H))
= {0 natural bijection}
[¢.R(C)] 1 (8(Lan ;)67 (G)).H)
= {dom locally fully faithful 2-functor}

[&’,dom(R(C))] (dom(O(Lang ;0" (G))),dom(H)).
Hence, by the Yoneda embedding, deduce the result. O

2je.dom(i): &< &’ is a subcategory inclusion.
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COROLLARY 2.4 (CoLIMITS IN Zig(C) FROM COLIMITS IN C). Left
Kan extensions along inclusions i (which subsume colimits) in the A, -
indexed category Zig(C) are computed as left Kan extensions along
Expl(i) in C: for F: J — Zig(C) andi: n¢c oF < mc oLangem(i) F
(dom(i): J—J'),

Langom ;) F: J - Zig(C)

LanEXpl(,-) (/F) : EXpl(ll’C OLandom(i)F) —-C
In the case of colimits in Zig (C), this is tantamount to a collection of
colimits in C.

Proor. The correspondence between left Kan extensionsisimme-
diate from Theorem 2.10 with the observation that Zig is a parametric
right adjoint.

For the subsequent claim, we view a colimit of F : ] — Zig(C)
as in Proposition 2.3. J* as a A,-indexed category is completely
determined from F, except at the terminal object 1 €J": however,
using step 1 (Section 2.1.1), we compute the shape of the colimit
zigzag (if it exists), and hence the length of the exploded zigzag at
this terminal object (along with the shape of accompanying maps
into it). Thus, we realise i as a A;-indexed functor and compute
Expl(i). The resulting left Kan extension in C looks like a collec-
tion of colimit Kan extension diagrams glued together: one for each
singular level of the exploded zigzag at the terminal object (glued
along shared regular levels); each of these maximal sieves can be
considered independently, as colimits. O

F.2 Proofs for Section 3
(Enriched categories of framed zigzags)

LemMmA F.1. For any poset P, every downwards-closed subset S € | P
is the union of the principal downsets of its elements: S =|Jesld.

LEMMA F.2 (SEMILATTICE TENSOR PRODUCT [9, 10]). A maph: XX
Y — L is a V-bimorphism if it is V -preserving in each variable separ-
ately. \/Lat is equipped with a symmetric monoidal structure given
by the codomain of the universal V-bimorphism X XY - X ®Y ie.
any V-bimorphism h factors uniquely through a V-preserving map
h: X®Y—L. Explicitly, X®Y istheV-semilattice generated by formal
elements x ® y forx € X andy € Y, subject to the relations making
V-preserving maps out of X ®Y the V-bimorphisms with domain X XY :

(x1Vx2)®y=(x1®Yy)V (x2®Y), x®(y1Vyz)=(x®y1)V(x®yz).

The monoidal unit is the terminal V-semilattice 1.

LEmMA 3.1. The following are monoidal adjunctions:

i
J? 444%449

(Set, x,1) —D- (Pos, x,1) o (V Lat, ®, 1),
Us !

where ® is the free semilattice tensor product (Lemma F.2), D is the
discrete poset functor, U= is the underlying set functor, and Il is the
connected components functor.

Proor. For Set(I1,(P),X) = Pos(P,D(X)), if given a function
f: IIH(P) — X, construct a monotone map a: P — D(X) as p >
f(Mo(p)); this is monotone because if p < g the IIy(p) = Io(q).
Conversely, given a, construct f as [p] +— a(p); this function is
well-defined because monotonicity for a ensures that if p,q € [p],
then a(p) =a(q) as D(X) has the discrete order.
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For Pos(D(X),P) = Set(X,U=(P)),amonotonemapa: D(X) —P
is precisely a function X — U= (P) by discreteness of D(X), and vice
versa.

For \/Lat(| P,L) = Pos(P,U" (L)), given a V-preserving map
h: [P — L, construct a monotone map a: P — UY(L) as p
h(lp); this is monotone because if p < q then |p C | q and hence
h(lp) <h(lg) by monotonicity of h. Conversely, given a, construct
has S+ \/ esa(x), which is V-preserving and well-defined because
S is nonempty.

I1 is strong monoidal because product projections preserve con-
nected components and the product of connected componenets is
connected, so it preserves product. D also preserves products (it is
rightadjoint). | is strong monoidal because for posets Pand Q, there is
a canonical V-bimorphism |[Px|Q — [ (PXQ) given by (5,5") — Sx
S’ (the product of nonempty downwards-closed sets is a nonempty
downwards-closed set), so by the universal property of the tensor
product this induces a unique V-preserving map |P®|Q — [(PXQ)
which sends S®S’ +- SxS’. The inverse of this map is given by S+
V (p.q)eslp®lq, and using Lemma F.1 one can check that these maps
are mutually inverse. Thus, those adjunctions are monoidal. O

LEMMA F.3 (CHANGE OF BASE [6]). Let N: V — W be a lax mon-
oidal functor. There is an induced 2-functor N, : V—Cat — ‘W —-Cat
called change of base along N which takes aV -category C to a W -
category N, (C), with the same objects and Hom ‘W -objects given by
N.(C)(X.Y)=N(C(X.Y)).

Moreover, N, is an adjunction of 2-categories if and only if N is a
monoidal adjunction, if and only if it is strong monoidal and admits
a right adjoint as a functor.

LEmMA F.4 (SLICED ADJOINT FUNCTORS). Let C be a category with
pullbacks admitting an adjunction
L
D 1 C.

R

For every object c € C, there is a corresponding adjunction between slice
categories
L/e
D/Le ™ 1L  Cle,
R/c
where L/ is given by applying L and R/ .:==n oR given by pullback
along the unit of the adjunction L4R at c.
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LEmMA 3.2. DefineIly,/p,(a,) : PosCat/D.(A;) — Cat/A, by
applying I, ; then
Mow/p.(ay)

Cat/A; "~ L  PosCat/D.(A})

D.
doml /A+ ldom
o .
%
Cat 1 PosCat
D.

commutes.

Proor. Ily./p,(a,) is obtained as a sliced adjoint (Lemma F.4),
left adjoint to D../p, (a,)- Now deduce that D../p, (a,)=D/(a,) be-
cause Iy, oD, =idcat (because ITy o D =idget), hence the unit defining
the pullback for D, /p, (a,) is the identity; now, a pullback along the
identity gives the original morphism. O

THEOREM 3.5 (UNFRAMING). Ily,/p, (a,)0Zig =Zigolly,.

Proor. Ultimately, this is because 2-cell fillers in framed zigzag
Pos-categories are pointwise over their base. It suffices to check that

o/ D, (a,) (Zig(C)) =Zig(I1p.(C)). Recall that

Zig(Iy.(C)) =U [ p, (a,) (Zig(D. (1. (C)))).
Both categories have the same objects, because every slice/change
of base functor is the identity on objects, so it suffices to check the
morphisms. For the left, the morphisms are given by connected
components of framed zigzag maps. Conversely, on the right, the
morphisms are given by zigzag maps whose type are given by con-
nected components of C-morphisms. These are identical, because
Zig(C) inherits its order pointwise from C: a pair of framed zigzag

maps are in the same connected component if and only if for every
pair of corresponding components, the C-morphisms are in the same
connected component. [m}

LEMMA 3.3. If F admits a marked colimit colimMF for any M,
Iy, (F) : Iy (D(C(J))) =y, (C) admits a colimit given by the same
object whose legs are given by applying Ily...

Proor. Iy, sends oplaxly commuting diagrams to commuting
diagrams, and hence any marked cocone (regardless of marking) to
a cocone. o
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